European Mathematics
(500-1900 CE)

Introduction

European mathematics underwent a remarkable transformation between 500 CE and 1900 CE. During the
early medieval period, mathematical learning in Europe was largely preserved through the study of
arithmetic, geometry, astronomy, and the works of ancient Greek scholars. From the twelfth century
onward, translations of Greek and Arabic mathematical texts, together with the introduction of‘Hindu-
Arabic numerals, helped stimulate renewed mathematical activity.

The Renaissance brought important advances in arithmetic, algebra, and the solution efipolynomial
equations. The discovery of logarithms in the early seventeenth century simplified.lengthy calculations,
while the development of analytical geometry and calculus transformed the study of/curves, motion, and
change. During the seventeenth and eighteenth centuries, mathematics became increasingly connected
with physics, astronomy, probability, mechanics, and engineering.

The nineteenth century witnessed the development of abstract algebra, rigorous analysis, non-Euclidean
geometry, and modern mathematical structures. The contributions of mathematicians such as Fibonacci,
Cardano, Viete, Descartes, Newton, Leibniz, Euler,«Lagrange, Abel, and Hilbert helped establish the
foundations of modern mathematics.

This article discusses the major developments in European mathematics from approximately 500 to 1900
CE, with particular emphasis on logarithms, cubic equations, complex numbers, the Fibonacci sequence,
and the achievements of leading mathematicians.

1. Mathematics in Medieval-Europe,(500-1400 CE)

Following the decline of the Western-Roman Empire, mathematical learning in Western Europe continued
in monasteries, cathedral schools, and later universities. The study of arithmetic, geometry, music, and
astronomy formed part of the traditional seven liberal arts.

During this period, much of the advanced mathematical knowledge of ancient Greece was preserved and
transmitted through-Latin works, Byzantine scholarship, and translations from Arabic. The development
of universities from the twelfth century onward provided new institutions for mathematical learning.

A major turning point was the increasing adoption of the Hindu-Arabic numeral system, which made
written calculations easier than the older Roman numeral system.

1.1 Leonardo Fibonacci and the Fibonacci Sequence

Leonardo of Pisa (c. 1170—-c. 1240), commonly known as Fibonacci, was one of the most influential
mathematicians of medieval Europe. He learned important mathematical techniques through contacts with

Mediterranean commercial and scholarly communities.



His famous work Liber Abaci (1202; revised in 1228) introduced European readers to the practical
advantages of Hindu-Arabic numerals and calculation methods, including their applications to commerce,
currency conversion, and arithmetic.
Fibonacci is especially remembered for the sequence that now bears his name. In Liber Abaci, he
presented a problem about the growth of a rabbit population under idealised conditions.
The resulting sequenceis 1, 1,2, 3, 5,8, 13, 21, 34, 55,........
Each term after the first two is obtained by adding the preceding two terms: f, = fr.1 + fi2
For example, 8=fs=fs+f, =5+3
The Fibonacci sequence has become important in number theory, combinatorics, and the‘study of
recursive relationships. Ratios of consecutive Fibonacci numbers approach the goldenratio, 1.618
(approx.)
Fibonacci's importance extends beyond this sequence: his work helped introduce more efficient numerical
methods to European merchants and scholars and contributed to the gradualitransformation of European
arithmetic.
1.2 Nicolas Chuquet (c. 1445-c. 1488)
Nicolas Chuquet was a French mathematician whose work Triparty en la science des nombres, written
around 1484, contained advanced ideas in arithmetic'and algebra.
His contributions included:

e The use of systematic methods for manipulating large numbers.

o Work with powers and roots, includingsnegative and fractional exponents in forms that

anticipated later notation.
e Methods for solving equations and problems involving proportional relationships.
e The development of algebraic notation that helped move European mathematics beyond purely
verbal explanations.

Although his work wasnot widely circulated during his lifetime, it demonstrates the sophistication of
late-medieval French mathematics.
1.3 LucarPacioli (c. 1447-1517)
Luca Pacioli was an Italian mathematician and Franciscan friar. His influential book Summa de
arithmetica, geometria, proportioni et proportionalita (1494) summarised much of the mathematical
knowledge available in Renaissance Italy.
His contributions included:

o Systematic explanations of commercial arithmetic.

o Methods for bookkeeping and the use of double-entry accounting.

o Discussions of algebraic problems and practical calculations.



o The transmission of mathematical techniques through a widely circulated printed textbook.
Pacioli did not invent double-entry bookkeeping, but he provided one of its earliest comprehensive
printed descriptions. His work helped connect mathematics with commerce, banking, and education.
The achievements of Fibonacci, Chuquet, and Pacioli helped prepare the way for the rapid development
of algebra during the Renaissance.

2. The Renaissance and the Solution of Cubic Equations

The sixteenth century was a crucial period in the history of algebra. European mathematicians began to
solve polynomial equations using general procedures rather than relying solely on geometrical
constructions or numerical approximations.

The solution of cubic equations was one of the most important achievements.of this period. It involved
Niccolo Tartaglia, Gerolamo Cardano, and Rafael Bombelli.

2.1 Niccolo Tartaglia (c. 1499-1557)

Niccolo Tartaglia was an Italian mathematician who developed methods for solving certain types of cubic
equations. In 1535, he reportedly solved a series of cubic problems proposed by Antonio Maria Fior,
gaining a reputation for his algebraic skill.

Tartaglia developed a procedure for solving equations that can be reduced to the depressed cubic form
\[ x73+px=q. \]

His method became a key part of the solution later published by Cardano. Tartaglia initially wished to
keep his technigue secret, as mathematical contests and public demonstrations were important in
establishing scholarly reputations at the time.

2.2 Gerolamo Cardano (1501-1576)

Gerolamo Cardano was‘an Italian physician, mathematician, and scholar. His book Ars Magna (1545)
was a landmarksin the-development of algebra.

Cardanompresented methods for solving cubic equations and discussed the solution of quartic equations,
the latter based on work by his former student Lodovico Ferrari. He solved a cubic equation, x* + px = q.
The formula is now known as Cardano’s formula.

Cardano's achievement was important because it established a general algebraic procedure for solving
cubic equations. However, the historical development involved several mathematicians: Tartaglia
supplied a crucial method, Ferrari solved quartics, and Cardano published and developed these results in
Ars Magna.

2.3 Rafael Bombelli (1526-1572) and Complex Numbers



Rafael Bombelli was an Italian mathematician who made a major contribution to the development of
complex numbers. His book L'Algebra, published in 1572, explained how to perform calculations
involving square roots of negative quantities.

The cubic formula sometimes produces expressions containing square roots of negative numbers even
when the final answer is real. This situation is now called the casus irreducibilis.

He illustrated how complex quantities can appear in intermediate calculations even when the final answer
is real.

Bombelli's work helped establish complex numbers as useful mathematical objects rather than
meaningless or impossible quantities. Their full acceptance developed gradually over subsequent
centuries.

3. Francois Viete and the Development of Symbolic Algebra

Francois Viéte (1540-1603) was a French mathematician who playeda crucial role in transforming
algebra into a symbolic discipline. He is often called the father of modern-algebra because of his
systematic use of letters to represent known and unknown-quantities:
Before Viete, many algebraic problems were expressed primarily in words. Viéte developed a more
systematic symbolic approach in which letters could represent both unknown guantities and known
parameters.
His important contributions included:

e The use of vowels for unknown quantities and consonants for known quantities.

e The systematic representation of algebraic relationships through symbols.

e Methods for solving equations and studying polynomial relationships.

e The development of relationships between the roots and coefficients of polynomial equations,

now associatedwith Viete's formulas.

e The application‘of algebra to geometrical problems.
He illustrated the relationship between polynomial coefficients and roots that became a central idea in
algebra:
Viéte's work, especially In artem analyticem isagoge (1591), helped establish symbolic algebra as a
powerfulfanguage for expressing general mathematical relationships.
4. The Discovery of Logarithms
The discovery of logarithms in the early seventeenth century was one of the most important advances in
European mathematics. Before electronic calculators, multiplying and dividing large numbers, extracting
roots, and performing astronomical calculations could be extremely time-consuming. Logarithms greatly

simplified these operations.



4.1 John Napier (1550-1617)

John Napier was a Scottish mathematician who published his logarithmic tables in Mirifici
Logarithmorum Canonis Descriptio in 1614. He developed logarithms to reduce the labour involved in
lengthy calculations, particularly in astronomy and trigonometry.

The fundamental principle of logarithms is that multiplication can be converted into addition and division
into subtraction.

Napier's original logarithms differed from the common logarithms used today, but his invention provided
the essential computational idea. His tables were especially valuable to astronomers, navigators,.and
surveyors.

4.2 Henry Briggs (1561-1630)

Henry Briggs, an English mathematician, recognised the practical value of Napier'siinvention and worked
with him to improve the system. Briggs helped develop common logarithms, which use base 10.

Briggs published logarithmic tables in 1617 and later produced more extensive tables. These
developments made logarithms easier to use in ordinary numerical calculations.

4.3 Joost Burgi (1552-1632)

The Swiss mathematician and instrument maker Joost Biirgi independently developed a system of
logarithms. His tables were published in 1620, although hisswork on them had begun earlier.
Consequently, the development of logarithms“should not be attributed to Napier alone. Napier and Blirgi
independently developed logarithmic systems,while-Briggs helped establish the familiar base-10 form.
4.4 Significance of Logarithms

The discovery of logarithms had far-reaching consequences:

1. It simplified multiplication, division, and the extraction of powers and roots.

2. It accelerated astronomical calculations and the preparation of astronomical tables.

3. It assisted navigation, cartography, and surveying.

4. It encouraged the development of slide rules and other calculating instruments.

5. It supported the rapid expansion of mathematical physics during the Scientific Revolution.
Logarithms remained an essential computational tool until electronic calculators and computers
transformed numerical work in the twentieth century.

5. The Scientific Revolution and the Rise of Modern Mathematics (1500-1700)

The Scientific Revolution changed the relationship between mathematics and the natural world.
Mathematics increasingly became a tool for discovering the laws governing planetary motion, falling
bodies, light, and other physical phenomena.

5.1 Nicolaus Copernicus (1473-1543)



Copernicus was a Polish astronomer and mathematician whose book De revolutionibus orbium
coelestium (1543) proposed a heliocentric model in which Earth and the other planets revolve around the
Sun.
His model challenged the traditional geocentric system associated with Ptolemy. Although Copernicus
retained several geometrical devices from earlier astronomy, his work reorganised planetary theory
around a different conception of the cosmos.
His major contribution to mathematics was the application of geometrical and computational methods:to a
new astronomical framework. The heliocentric model encouraged later mathematicians and astrenomers
to seek more accurate mathematical descriptions of planetary motion.
5.2 Galileo Galilei (1564-1642)
Galileo was an Italian scientist whose investigations helped establish mathematical‘analysis and
experimentation as central methods in the study of nature.
In his studies of falling bodies and projectile motion, Galileo used mathematical relationships to describe
physical processes. He investigated how distance, time, and velocity wererelated and showed the
importance of mathematical laws in mechanics.
His work included:

e The mathematical study of uniformly accelerated metion.

e The analysis of projectile trajectories-as.combinations of horizontal and vertical motion.

e The use of idealised mathematical madels torinterpret physical observations.

e The application of geometry and propartional reasoning to mechanics.
Galileo's Two New Sciences (1638) was. particularly influential in the development of mathematical
physics. His work helped prepare the ground for the systematic mechanics of Newton.
5.3 Johannes Kepler (1571-1630)
Kepler was a German mathematician and astronomer who used precise astronomical observations,
especially those of Tycho Brahe, to develop mathematical laws describing planetary motion.
His three laws-of planetary motion are:

1.~lzaw of ellipses: Planets move in elliptical orbits with the Sun at one focus.

2. Law of equal areas: A line joining a planet to the Sun sweeps out equal areas in equal times.

3. "Harmonic law: The square of a planet's orbital period is proportional to the cube of the semimajor

axis of its orbit.

Kepler's laws were a decisive advance because they replaced older assumptions of uniform circular
planetary motion with mathematical relationships grounded in observation.
5.4 Pierre de Fermat (1607-1665)



Fermat was a French mathematician whose work contributed to number theory, probability, analytic

geometry, and the early development of calculus.

His principal achievements included:

Number theory: Fermat studied prime numbers, divisibility, and integer equations.

Fermat's Little Theorem: If p is prime and p does not divide the integer a,

then a P*=a (mod p)

Fermat's Last Theorem: He stated that no positive integers X, y, z satisfy X" + y" = z" for any
integer n > 2. The general theorem was proved much later, by Andrew Wiles and Richard Taylor.
Analytic geometry: Fermat independently developed coordinate-based methods for studying
curves.

Early calculus: His methods for finding tangents and maxima and minima anticipated important

ideas in differential calculus.

Fermat's correspondence with Blaise Pascal also helped establish probability.theory as a mathematical

subject.

5.5 Blaise Pascal (1623-1662)

Pascal was a French mathematician, physicist, and philosopher. His work made important contributions to

probability, combinatorics, geometry, and the“practical use of mathematical calculation.

Pascal's principal mathematical achievements include:

Pascal's triangle: A triangular arrangement of binomial coefficients used in algebra and
combinatorics. Although the triangle was known in earlier mathematical traditions, Pascal studied
its properties systematically.

Probability theory: Hisicorrespondence with Fermat in 1654 helped establish mathematical
methods for analysing games of chance.

Projective geometry: His Essay on Conics (1640) contained an important theorem about hexagons
inscribed in‘aconic, now known as Pascal's theorem.

Calculating machines: Pascal designed a mechanical calculator, the Pascaline, to perform

arithmetic operations.

Pascal's'work helped strengthen the relationship between algebra, geometry, probability, and practical

computation.
5.6 René Descartes (1596-1650)

Descartes was a French philosopher and mathematician who played a central role in the development of

analytic geometry.



In La Géométrie (1637), Descartes showed how geometrical problems could be represented using
algebraic equations. This connection became one of the foundations of modern mathematics.
His contributions included:

e The development of coordinate methods for representing curves.

e The use of algebraic equations to study geometrical figures.

e The systematic use of powers and algebraic notation.

o The application of algebra to problems involving tangents and curves.
This illustrates the fundamental idea of analytic geometry: geometrical figures can be describedand
investigated through algebraic equations.
Descartes' work made it possible to use algebraic techniques to solve many geometrical problems and
eventually contributed to the development of calculus.
5.7 Christiaan Huygens (1629-1695)

Huygens was a Dutch mathematician, physicist, and astronomer whose work connected geometry,
probability, mechanics, and the study of motion.
His mathematical contributions included:
e One of the earliest systematic treatments of probability theory, De ratiociniis in ludo aleae (1657).
o Studies of the pendulum and its applications to accurate timekeeping.
e Geometrical investigations of curvesand theproperties of cycloids.
e Work on the mathematical foundations.ef mechanics.
e The study of collision and motien, which helped prepare the way for later developments in
physics.
Huygens's work on probability:expanded the ideas developed by Pascal and Fermat. His investigations of
motion also helped connect mathematical theory with experimental science.
6. The Development of‘Calculus: Newton and Leibniz
The invention,of calculus®was one of the greatest achievements of seventeenth-century mathematics. It
providedisystematic methods for studying continuous change, motion, tangents, areas, and volumes.
Although earlier mathematicians had developed techniques for calculating areas and tangents, Isaac
Newtonsand Gottfried Wilhelm Leibniz independently developed general systems of calculus.
6.1 Isaac Newton (1642-1727)
Isaac Newton was an English mathematician and physicist who developed a form of calculus based on the
concepts of fluxions and fluents.
His principal mathematical contributions included:

e The development of differential and integral calculus.



e The generalised binomial theorem.

e Infinite series and numerical methods.

o The mathematical formulation of classical mechanics.

e The application of calculus to planetary motion and gravitation.
In his work Philosophig Naturalis Principia Mathematica (1687), Newton formulated laws of motion and
universal gravitation. These laws enabled mathematical explanations of planetary orbits, falling bodies,
and other mechanical phenomena.
Newton's work demonstrated the power of calculus in connecting mathematical laws with the physical
universe.
6.2 Gottfried Wilhelm Leibniz (1646-1716)
Leibniz was a German philosopher and mathematician who independently developed calculus. He
introduced notation that remains central to modern mathematics.
Leibniz's contributions included:

e A systematic notation for differential and integral calculus:

e The product rule and methods for differentiating functions.

e The fundamental relationship between differentiation and integration.

e The development of binary arithmetic, later important in digital computing.

e Work in logic, combinatorics, and the philosophy of mathematics.
Leibniz's notation proved particularly effective because it expressed mathematical operations clearly and
could be extended to complicated calculations.
Newton and Leibniz developed calculus,independently, and a historical dispute arose over priority.
Modern historical accounts recognise both as foundational contributors, with Newton's early work and
Leibniz's publication and notatien each playing important roles in the subject's development.

6. The BernoulliFamily and the Expansion of Mathematical Analysis
The Bernoulli family of'Switzerland produced several influential mathematicians during the seventeenth
and eighteenthsecenturies. Their research helped develop calculus, probability, differential equations,
mechanics; and. mathematical physics.
7.1/ Jacob Bernoulli (1655-1705)
Jacob Bernoulli was one of the earliest major developers of calculus after Newton and Leibniz. His
important work Ars Conjectandi, published posthumously in 1713, was a landmark in probability theory.
His contributions included:

e The study of probability and combinatorics.

e The law of large numbers, which describes how observed averages tend to approach expected

values under suitable conditions.



e The study of sequences and series.
e Work on differential equations and the calculus of variations.
e The development of Bernoulli numbers, which appear in formulas for sums of powers of integers
and in other areas of analysis.
Jacob Bernoulli helped establish probability as a rigorous mathematical subject and demonstrated the
usefulness of calculus in solving a wide range of problems.
7.2 Johann Bernoulli (1667-1748)
Johann Bernoulli was Jacob's younger brother and a prominent mathematician in the development of
calculus. He helped disseminate Leibniz's methods and trained several important mathematicians,
including Leonhard Euler.
His contributions included:
e The development of differential and integral calculus.
e The study of differential equations.
e The brachistochrone problem, which asks for the curve of fastest descent between two points
under gravity.
e Work on the calculus of variations.
o Contributions to mathematical mechanics.
The brachistochrone problem, posed in 1696,/became an important challenge in the history of calculus.
Johann Bernoulli demonstrated that the solution is arcycloid, helping establish the power of variational
reasoning.
7.3 Daniel Bernoulli (1700-1782)
Daniel Bernoulli, the son offJohann, made important contributions to probability, mechanics, and
mathematical physics.
His most influential work, Hydrodynamica (1738), helped establish the mathematical study of fluid
motion.
His contributions included:
o _~The relationship between fluid speed, pressure, and height now associated with Bernoulli's
principle.
o “Mathematical investigations of vibrating strings and oscillations.
o Work on probability and statistical reasoning.
o Studies of elasticity and the behaviour of physical systems.
The Bernoulli family helped connect pure mathematics with the developing sciences of mechanics, fluids,
and probability.
8. Leonhard Euler (1707-1783)



Leonhard Euler was a Swiss mathematician who became one of the most productive mathematicians in
history. His work extended across nearly every major branch of eighteenth-century mathematics.

Euler's writings helped standardise mathematical notation and make complex ideas easier to
communicate. His contributions include:

1. Mathematical analysis

Euler developed methods in differential and integral calculus, infinite series, and differential equations.
His books, including Introductio in analysin infinitorum (1748), helped establish mathematical analysis as
a systematic subject.

2. Function notation

Euler popularized the notation f(x) for a function. He also helped establish the modern-use of symbols
such as e, « etc.

3. Number theory

Euler extended the work of Fermat and investigated prime numbers, divisibility, and integer relationships.
4. Graph theory

Euler's investigation of the Konigsberg bridge problem in-2736 is widely regarded as the beginning of
graph theory. He showed that the possibility of traversing each bridge exactly once could be analysed
through the structure of a mathematical network.

6. Geometry and topology

Euler established important relationships between vertices, edges, and faces of polyhedra. For a connected
convex polyhedron, V —E +F =2 where V isithe number of vertices, E the number of edges, and F the
number of faces.

7. Mechanics and astronomy

Euler made major contributions,to rigid-body motion, fluid mechanics, orbital calculations, and the
mathematical description of physical systems.

His enormous output helped turn mathematical analysis into one of the central disciplines of modern
science.

9. Joseph=Louis LLagrange (1736-1813)

Lagrange'was a mathematician born in Turin who worked in several European intellectual centres. He
made fundamental contributions to calculus, algebra, number theory, and analytical mechanics.
His major achievements included:

e Analytical mechanics: In Mécanique analytique (1788), he formulated mechanics in a systematic

mathematical framework using generalised coordinates and variational principles.



o Calculus of variations: He developed methods for finding functions that minimise or maximise
quantities, extending the work of the Bernoulli family.
e Lagrange multipliers: He introduced a method for solving optimisation problems subject to
constraints.
e Number theory: He proved that every positive integer can be expressed as the sum of four integer
squares, a result now known as Lagrange's four-square theorem.
e Algebra: His investigations of polynomial equations contributed to the development of the.ideas
that later became central to group theory.
Lagrange's work showed how mathematical principles could unify a wide variety of mechanicaland
algebraic problems.
10. Pierre-Simon Laplace (1749-1827)

Laplace was a French mathematician and astronomer whose research played.a‘central role in celestial
mechanics, probability theory, and mathematical statistics.

His major contributions included:

1. Celestial mechanics

In Mécanique céleste, published in several volumes between*1799 and 1825, Laplace applied
mathematical analysis to the movements of planets and other celestial bodies. His work helped establish
the stability and long-term behaviour of the salar system as major problems in mathematical astronomy.
2. Probability theory

Laplace developed methods for calculating probabilities and analysing uncertain events. His Théorie
analytique des probabilités (1812) was an important work in the development of probability theory.

3. Statistical inference

He investigated how observations could be used to estimate unknown quantities and draw conclusions
from incompleteinformation.

4. Differential.equations and mathematical physics

Laplacewcontributed to the mathematical treatment of gravitational fields, potential theory, and the
behaviour of physical systems.

Laplace's'work helped establish mathematical analysis and probability as indispensable tools for
understanding nature and uncertainty.

11. Niels Henrik Abel (1802-1829)



Abel was a Norwegian mathematician whose short life produced fundamental results in algebra and
analysis. He is particularly remembered for proving that the general polynomial equation of degree five or
higher cannot be solved by radicals in the same general way as quadratic, cubic, and quartic equations.
His principal achievements included:
e Abel-Ruffini theorem: Abel provided a proof that no general formula using only arithmetic
operations and extraction of radicals solves every polynomial equation of degree five or higher.
e Theory of equations: His work clarified the limitations of classical algebraic methods.
o Elliptic functions: Abel made major contributions to the theory of elliptic functions and‘their
integrals.
e Convergence of series: He investigated the conditions under which infinite series converge and
developed rigorous methods for analysing them.
The importance of Abel's work lies not merely in solving equations but in identifying what algebraic
methods cannot accomplish. His research helped shift mathematics toward more rigorous reasoning and
the study of general mathematical structures.
12. David Hilbert (1862-1943): Mathematics at the End of the Nineteenth Century

David Hilbert was a German mathematician whose werk strengly influenced the foundations of
mathematics and several major areas of mathematical research. Although he lived into the twentieth
century, his early work belongs to the period leading-up to 1900.
Hilbert's contributions included:
e Geometry: His Foundations of Geometry (1899) presented a systematic axiomatisation of
Euclidean geometry and clarified the role of axioms, definitions, and logical relationships.
e Algebra: His work on‘invariant theory and the theory of algebraic forms helped establish
important principles in abstract algebra.
o Mathematical rigour: He contributed to the movement toward precise definitions and rigorous
proofs:
o_~Foundations of mathematics: His work encouraged mathematicians to examine the logical
structure of mathematical systems.
o “Research programme: At the close of the nineteenth century, Hilbert helped establish new
directions for mathematical investigation that would dominate much of the twentieth century.
Hilbert's Foundations of Geometry, published in 1899, is especially significant because it represents a
major effort to organise geometry through a carefully specified system of axioms. His later work extended
well beyond the period covered in this article.

13. Other Important Developments in European Mathematics (1700-1900)



In addition to the contributions of the mathematicians discussed above, several other developments
transformed European mathematics during the eighteenth and nineteenth centuries.

13.1 The Growth of Mathematical Analysis

The eighteenth century witnessed the expansion of calculus into a systematic study of functions, infinite
series, differential equations, and mathematical physics. Euler, the Bernoulli family, and Lagrange were
particularly important in this development.

During the nineteenth century, mathematicians increasingly sought rigorous foundations for calculuss
Augustin-Louis Cauchy developed systematic definitions and proofs concerning limits, continuity, and
convergence. Karl Weierstrass later strengthened the rigorous foundations of analysis.

These developments helped transform calculus from a powerful computational technigue into a logically
organised mathematical discipline.

13.2 The Development of Non-Euclidean Geometry

For centuries, Euclidean geometry was regarded as the principal mathematical’'description of space. In the
nineteenth century, mathematicians began to investigate geometries based on alternatives to Euclid's
parallel postulate.

Nikolai Lobachevsky and Janos Bolyai independently developed forms of hyperbolic geometry, while
Bernhard Riemann later introduced broader geometrical ideas.

These developments showed that geometries different from Euclid's could be mathematically consistent
under suitable axiomatic assumptions. They profoundly influenced later mathematics and the
development of modern physics.

13.3 Abstract Algebra and the Theory.of Equations

The limitations of solving polynamial equations by radicals encouraged the development of more general
approaches to algebra.

Evariste Galois established fundamental connections between polynomial equations and groups of
permutations of their roots. His work, together with the contributions of Abel, laid the foundations of
modern group.theory.

By the-end.of the nineteenth century, algebra was increasingly concerned with mathematical structures
and'their praperties rather than only with numerical calculation.

13.4 The'Emergence of Modern Mathematical Foundations

The nineteenth century also saw advances in mathematical logic, set theory, and the axiomatisation of
mathematics. Georg Cantor developed set theory and made major contributions to the study of infinite
sets. Giuseppe Peano worked on the formalisation of arithmetic, while Hilbert helped establish a

systematic axiomatic approach to geometry.



These developments prepared the way for the modern study of mathematical logic and the foundations of
mathematics in the twentieth century.
14. Summary of Major Mathematicians and Their Contributions

Mathematician Period Major contributions
Leonardo Fibonacci |[c. 1170-1240 Liber Abaci, Hindu-Arabic numerals in Europe, Fibonacci sequence
Nicolas Chuquet c. 1445-1488 Algebraic notation, powers, roots, equation methods
Luca Pacioli 1447-1517 Commercial arithmetic, bookkeeping, mathematical textbooks
Tartaglia c. 1499-1557 Methods for solving cubic equations
Cardano 1501-1576 Published general solutions of cubic equations; Ars Magna
Bombelli 1526-1572 Rules for calculations involving complex numbers
Francois Viéte 1540-1603 Symbolic algebra, relationships between roots and coefficients
John Napier 1550-1617 Discovery and publication of logarithms
Copernicus 1473-1543 Mathematical heliocentric astronomy
Galileo 1564-1642 Mathematical mechanics, falling bodies, projectile motion
Kepler 1571-1630 Three laws_of planetary motion
Fermat 1607-1665 Number theory, analytic geometry, early calculus, probability
Pascal 1623-1662 Probability, combinatorics, projective geometry
Descartes 1596-1650 Analytic geometry and coordinate methods
Huygens 1629-1695 Probability, pendulum theory, mechanics
Newton 16421727 Calculus, mechanics, gravitation, infinite series
Leibniz 1646=1716 Independent development of calculus, differential notation
Jacob Bernoulli 1655-1705 Probability, law of large numbers, Bernoulli numbers
Johann Bernoulli 1667-1748 Calculus, differential equations, brachistochrone
Daniel Bernoulli 1700-1782 Hydrodynamics, mechanics, probability
Euler 1707-1783 Analysis, number theory, graph theory, mechanics
Lagrange 1736-1813 Analytical mechanics, calculus of variations, number theory
Laplace 1749-1827 Probability, celestial mechanics, potential theory
Abel 1802-1829 Impossibility of a general radical solution for quintic equations




Hilbert 1862-1943 Axiomatization of geometry, algebra, mathematical foundations

Conclusion
European mathematics between 500 and 1900 CE evolved from the preservation and transmission of
ancient knowledge into a highly developed system of mathematical sciences. The introduction of Hindu-
Arabic numerals, the publication of Fibonacci's Liber Abaci, and the algebraic advances of Chuquet and
Pacioli helped establish the foundations for Renaissance mathematics.
The solution of cubic equations by Tartaglia and Cardano, together with Bombelli's treatment,of complex
numbers, represented a major turning point in algebra. Viéte's symbolic methods and Napier's logarithms
made mathematical calculations more systematic and efficient.
During the Scientific Revolution, Copernicus, Galileo, Kepler, Fermat, Pascal,’Descartes, Huygens,
Newton, and Leibniz demonstrated the extraordinary power of mathematics in understanding nature.
Their achievements led to the development of analytic geometry, probability theory, calculus, and
mathematical physics.
The Bernoulli family, Euler, Lagrange, and Laplace expanded these:subjects through investigations of
differential equations, mechanics, number theory, and probability. In the nineteenth century, Abel
clarified the limits of classical algebraic methods, while Hilbert/helped establish a more systematic
axiomatic approach to geometry and mathematics.
By 1900, mathematics had become a broad.and rigorous discipline encompassing algebra, analysis,
geometry, probability, number theory, and mathematical logic. The achievements of these European
mathematicians continue to shape mathematics, science, engineering, economics, and technology.
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