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MATHEMATICS 5|
Paper : MAT0400204 \??3 .
(Complex Analysis)

Full Marks : 45

Time : Two hours

The figures in the margin indicate
full marks for the questions.

Answer either in English or in Assamese.

1. Answer the following as directed : 1x5=5
Rorml e wom exaa O fra ¢
(i) Sketch the set mz>1.
Imz>1 RO O T4 |

(i) Describe the domain of the function
1
z2+1°

Fefeq e &

z2+1
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(if}) Writ i
) e the function f(z)=2z*+z+1 in -

(iv)

(v)

the form f(z)=u(x,y)+iv(x,y).
f(z)=2° +z +1 F==001
f(z)=u(x,y)+iv(x,y) TR FHA |

Show that
myed @

2

4z
lim
Z—x (z_ 1)

Define entire functions.

gwt 130 RTINS (Entire) T siafe
|

Answer any five of the following questions :

2x5=10
TR [P oHoht eem Sew ot
(i) Wfat do you mean by the accumulation
g iInt of a set? Determine the
ccumulation point of the set
Z,=1"(n=1,2,.).
<01 k26T My e & o e
Z, =i"(n=1,2,..) (55 A Ry w4 |
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(1)

I S 2 (908 2 AE IR €Ol 53T
f(z)#0|
(i) Show that the function f(z)=2" is
entire.
' @Sl @ f(z)=2z> TEWO! TR PIEIAS
e (Entire) 23 |
(iv) Using Cauchy-Riemann equations
determine where f(z) exists, when
flz)=1/z.
Cauchy-Riemann ANIFI4 IJIRE EaE
f(z)=1/z TA 9 [f(z) T AT e
e =1
(v) Find z such that e® =1+\3i.
2 ol Sferedl AT e® =1+V3i =l
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Show that if a function f(z) 1is
continuous and non-zero at a point z,
then f(z)#0 throughout
neighbourhood of that point.

@edl @AM f(z) FTEN0 2, e wifdfves

some




(Vi) Show that the function
F(2)=22" -3 _zez | o= g entire.
O @ f(2) =222 -3 _ 307 | o= TG
R 5131@ RO (Entire) 31|

(i) Show that

an.z = Sin .
: Xcoshy + lcosxsinhy where
Z=x+1y. '

Me Nz = sj
;,E{ S| s mnzhsmxcoshyq—icosxsinhy
P Z=x+iy|

Vil i
(viii) Evaluate the Integra] jme“"dt (Rez > 0)
0 2 i

_fmehmdt,(R _
0 €2 > 0) oo Wi Ry =5l |

(ix) E
) Evaluate the contour integral _[ z
c z

Op half of the circle
tO Z = __1 ¥

where C g the ¢
[z|=1 from z=1

z Z

ﬁi,‘i :]avﬁjz:_

o 1 I 38 | z|=1 7
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(x) ‘Show that

e @
IZ+4 £6_:'7
cz?’._1 7

3. Answer any four of the following
questions: 5x4=20

(i) Suppose- that f(z) =u(x,y)+w(xy)
where z=x+iy and
2, = X + 1Y, Wy = Ug +10, . Then prove '

that 1 £(2) = s it

Iim u(x,y)=U, and

{x,uy)—%0.Y0)

Ilm U(x.-y} = vﬂ .
(x,u)->(%.40)

af @R @ f(z)=u(xy)+iv(6y) TS
z:x+iy'\5['[z§zg=x0+iyo,w0=u0+ivol

gl T G lm f(2) = w, A

lim u(x,y)=u, oF

(x.4)( %0 Yo )

lim v(x,y) =0,
(x,4)->( X0 Yo )
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(1)

(i)

(iv)

dw

Suppo 55
Ppose £ _ 7. Examine where —
exists, %

4f TR g dw
‘ fle) =z ==
<l (2)=z | dz TS WICZ 2RI

Suppose
that 0 A
and its conjugz:t(ez} =uUlx,y)+iv(x,y)

f(z) =y -
(x:y}“IU(JC,y) are analytic in

a domaj
S N D. Thep Sshow that f(z) must
stant through oyt D

4R Ry
SEC
St ff (2) = u(x,y) + iv(x,y) oF
(z) = :
domain D& qj%u(x y)—w(x,y)
f(z),DtsgsgasgNr e
Show th ;
domain ;tt: Ao s e
N f(z) must be constant

BO6FN 01394

(vy What do you mean by harmonic

functions ? Show that if a function
f(z)=u(x,y)+iv(x,y) is analytic in a
domain D then its component functions
u and v are harmonic in D. -

Harmonic ¥ JEIe @ g e et &
o GO T f(z) = u(x,y)+iv(x,y) <O
domain D S REEEIYE 24, (90 2 TAMI
e u % v, D ® harmonic |

(vi) Define complex exponential function

and show that it is entire.
G{oe exponential FEed A e
el @ 2 T oi2re Reeelies (Entire)

4|

(vii) Show that

oedl @

(1+ i]i = exp(—%+ 2nn]exp[i£12—2],n eZ.

(viii) Let C denote the positively oriented

boundary of the square whose sides lie
along the lines x=+2 and sy =1t2=
Applying the Cauchy’s integral formula

-z

e
evaluate | ————dz.
L z-mi/2
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W*@sﬁcmaﬁam@@m@m
TGP TN IRAR xx = 42 WF g = +2 @A

2 ©ItR | Cauchy’s integral 9 eigzst FE

~Z

e
Lz—;ri/de T AF e w1

4. Answer any one of the following questions:

' 10x1=10
T Rz @bt e Seq g o

(i) Suppose that f(z)=u(x,y)+iv'(x,y)
and that fi(z) exists at a point
Zy = Xy +1Y,. Prove that the first order
partial derivatives of u and p must exist

at (x,,Y,)and they must satisfy the
Cauchy-Riemann equations there. Also

show that fi(z,)= U, +iv, = v, —iu,
where partial derivatives are to be
evaluated at (x,,y,).

[ @@ f(z)zu{x,y)+iv(x,y) B8
I(z), 2y =x, +1iy, RS Hwrg 27 | om0
@ u O v T AU TR R SR
(%:Yp) © A AN o i Cauchy-
Riemann #J53¢ sgd I HN | w9
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mASA @ fl(z) =+ w, =v, -, I
SRR SRS TR T (X, Yp) © TR

: Gl&l
(i) Show that if w(t): RHC, a<t<b is a

continuous function then

< [lwie)lde.

} J‘:w{ t)dt

Suppose C is a contour of 1engt}'1 L and
f is continuous of C. If M is non- .

negative constant such that | f(z)|s M,

vz e C at which f{z) is defined the using
the above result show that

|Lf(z)dz|sML,

% wit): R>C, a<t<b IARTH F, (T

< [[lw)\at.

|J'bw{r)dt
43 Kl 2 C, L T4a contour 28 IS f,C
© Witz 2| AWM M TN &k 2 A0S

5o VzeC I W | flz)ls M | 8AR
e AN T (e @

UC f(z)dz|< ML

Contd.
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' © 4l 9% contour © f (2)
(i) State and prove Liouville’s theorem. (b) T D Lo
Liouville- ©=i=[m1th! &1 1. et = | 3 FCE TSI

(iv) Suppose that a function flz) is s S
continuous in a domain D. Show that

the following statements are equivalent:

(@) The integrals of f (z) along contours
lying entirely in D and extending
from any fixed point z, to any fixed

point z, all have the same value,

(b) The integrals of f(z) around closed

contours lying entirely in D ajl
have value zero.

4/ =Rt @ <ot ¥ f (z) 95t domain D ©

Wﬁ%iﬂlm{@mc&ﬁwﬁﬁ@ﬁqﬁsﬂqq
Qe

(@) Fiet D'® 29t wi% R fim g
2,9 7Rl {ie fm EEAGRE
contour © f'(z) 3 7| SEFEEIET T
q |

4700
11
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