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N Y ' e 1
e [ New Syllabus] - (e} The open ball 3(5, 1] on the usual
emann Integration qndg Metric Spaces)
Full Marks - 80 : metric space (R, d) is
Time : Three hours : [1 3]
(1) 2’9
L.  Answer the following as directed - i) [1 3]
: il o
1x10=10 27 2
(@ A bounded function fila,b] >R is i ( 1 ’%]
7 : il | T
integrable if for each € >0, there exists ( %
a partition P such that 1 3
(i) U(f,P)<.&‘+L(f,P) (iv) (“EJ_E}
5 | (Choose the correct option)
L U(f’P) <£—L(f:P) {f) Let X he a non-emptyssset. If
; : SR iS¢ sudometric on X
w) U(f,P : d:XxX —R 1S a pseu ;
(5 oF )>£* L(f’P) then which of the following statement
; is false ?
(iv) U(f,P)>g—L(f}P) is false
i) d(x,y)=0 for all x,ye X
(Choose the correct option)
(b)  State mean valye theorem for integrals (i) d(x,y)=0=x=y forall x,ye X
(iii) d(x,y)=d(y,x) for all x,yeX
(c) Evaluate 1"§ ; :
e o (iv) d(x,y)<d(x,2z)+d(z y) for all
(d) Define Euclide ‘ x,Yy,z€ X
~drn '
UG onl s (Choose the correct option)
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(9)

(h)
()

0)

If A
S a non-empty subset of a metric

Space ;
tfl’en Iﬁsd] such that A¢is closed in X,

() closed in X

(i) open in X

{z-u) Both open and closed in X
(tv) None of the above

(Choose the correct option)

i;(;\:’ that the closure F of Fc X,
e (X, d) is a metric space, is closed.

Define a contraction

metric space. mapping on a

Which of th
e fi :
true ? ollowing statements are

(1) :: Sl‘llg!eton set {x} in any metric
pace is always connected.

(i) The i
€ Interval 24 3) is not connected

in
the usual metric space (IR, d)-
(iii) If '

Spéi‘; S]AIS a connected metric
N w,hi(];(};r? exists a proper subset
e 18 both open and closed
(iv) Closur

metsrlilée of a Connected set in a

Space is connected.

(Choose the correct option)
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. Answer the following questions :

2x5=10

(@ Let f(x)=x on [0, 1] and

(b)
(c)

(d)

(e)

3. Answer any four questions :

= {x,— :_1-1 i :011:25""8}
8

Find L(f,P) and U(f,P)

Prove that |(a+ 1) = da

Show that the discrete metric space is
a complete metric space.

Let (X,d) be a metric space and
S(x,r)={yeX :d(x y)<r| be a
closed ball in X. Prove that Si((7)

is closed.
Prove that if Y is a connected set in a

metric space (X d), then any set Z
such that Yc ZcY 1S connected.

5x4=20

(@) Let f:[a, b]—>R be continuous. Prove

(b) Show that Iim_z
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(c) Defi -
s fozr;etﬁn open ball in a metric space. ?
il at In any metric space (X, d);
pen ball is-an open set. 1+4=5

(d) Let
(X) d,\’] and (Y, dY) be two metric

spaces.
L that a mapping
IS continuous on X if and

Prove

only if f“((}) :
1S open i g
B« ' in X for all open

(€) A conti
Cauchl;uzus function may not map a
o quLien'T"C into a Cauchy
— Justify it,

e
et (X: dx) and (Y, d},) be two

metri S =
etric Spaces and f TN 37 1
| : o1&
unifo 1 X
1 I"l’Tll}J COI’IUIIUOLlS. If { }
n

Ca 3
uchy S€quence in X the

t { ¢
hat {f(x, )}“_,,l is also a Cauct
Sequence in Y s
i 1+4:5

Sl
n=1

n show

Ul Let (X dy)

be a
e metric space. If

g (Xcontinuous function
X e
)= (R ) Ras the

alue proper

‘ erty, t
prove that (x 4 ) il
metric space i

Intermediate
IS a connected
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“~ Answer either (a) or (b) of the following

questions : (Q.4 to Q.7) 10x4=40

4, (a) () State and prove First Fundamental

Theorem of Calculus. 1+4=5
(1) Discuss the convergence of the

o ]
integral L —x—;dx for various
values of p. 5
(b) (i) Show that f: [0,1] > R defined
by f(x)=x" is integrable and

1 1

x)dx =

jUf( ) n+l .

(i) Let f be continuous on [a, b].

Prove that there exists C€ [a, b]

L[ f(x)dx=£(0).

._aﬂ

such that
b

Use the 1st mean value theorem

to prove that for 0<a<1 and

1

n

X
g dx—>0 as n— x.
1+ 2
0
3+3=6
7 Contd.
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S. i : :
(@) (i) Let X=R. For x,yecR, define (@ (i) Let (X, d be a metric space and
/ let xe X and Ac X be nons
d(x, y) = -——I_JE_‘___;U_‘__ AT
) 1+|x—y|' Show that d empty. Then prove that xeA if
IS a metric on R ey and only if d(x, A)=0. 4
() Prove th
a ;
il t a convergent sequence (i) Let (X,dy) and (Y, dy) be metric
. etric space is a Cauchy
€quence, spaces and Ac X. Prove that a
?OCS the converse of this hold ? function f : A —Y is continuous
ustify j : : :
b ¢ Sty it. 4+2=6 at g e A if and only if whenever a
() Prove that the metric 2 ¢ ! =M
T pace sequence {x,} in A converges to
=R" with the metric given by
a, the sequence { Jlee ]} converges
n 1 f(a) .
d ()C, 2 D to a).
(X, y) ;|x5195|p S
e (b) (i) Prove that a mapping f: XY
where xX=(x, x,,.. o is continuous on X iff f!(F) is
e .
y=(y1,y, I closed in X for all closed subsets
’3""")9:1) are 1 mn . 1s a Fof Y. 4
COom )let 3 S 2 ;
f Piete metric Space. 5
() Let (X, d be . ) (i) Let (X, dx) and (Y, dy) be metric
&L F5 be metric space and
Subsets of X Prove spaces and let f:X—> Y. Prove
that (FRURY . that the following statements are
1VE,) =K' UFE, and : ]
i e 2 equivalent :
1 =
= 1 UFL’ . 3+2=5 [. fis continuous on X
BO1FS 0109-1
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F1(B) e (i) Let (X, d) be a metric space and

-

let {Y, :Aen} be a family of

o connected sets in (X, d) having a

ITI. A) = £ A\ nonempty intersection. Prove that
F(A)c F(A) for all Ac X % TR a

6 : Yis U Y, is connected. 4

AEA

~]

(@) Let (I
) Let (R, d) be the space of real numbers

with
the usual metric, Prove that a

subset ™
i I = I‘—? I8 1S connected if and only
IS an interya]. 10

(b) (i)

If -

a
COr{tinzd g are two uniformly
OUS mappings of metric

Spa

Baces (X )" to (v,dy) and
(Y, d

5 v) to (Z,d,) respectively,
€Nl prove that go f is uniformly

C(}ntlllut) S ino d
1 Us mapl)lnb Of (X: X) :
( ’ l/,]'

Show that
(o 1) > R

the function
defined by

il =

1
¥ 1S not uniformly

contin : :
uous, 4+2:b
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[Old Syllabus | c I ) Find 1;2‘_.
-2 —1
(Complex Analysis) . :
Full Marks : 60 (i) Determine the points at which the
b 1 . .
Time : Three hours function sty Ts not analytic.
1. Answer the following questions : 1x7=7 (iv) For any two complex numbers z; and
(@ Write down the Cauchy-Ri =
-Riemann hat |z,2,| =|2,||2,]| .
equations, Esienia 25, prove that |2,2;|=|z|z,|
(b) Define analytic function. 3. Answer any three questions : 5xX8=15
. = 2 -
) ) 5 evmtm o 1*1. (@) Prove that f(2)=22-2z+5 - is
: 1+1 continuous everywhere in the finite
=3 . lf' 3‘
(d) If Z,=2+i and Zy=3-2i, then plane
evaluate ‘32] =2l (b) Show that f(z)=e? is analytic at every
: _ point of the complex plane.
(e) Find h?n_(zz+22]_
Z-—>1 1 1 g) ez
(c) Evaluate 5 -P 5., where C is the
() Find ((3“1']2—3)1'. ' SEE
circle |z[=1.
) Express e '4 10 the form a+bi.

(d) 1f f(z):ZS—QZ; zeC, then find
Ing questiong - 2x4=8 f'(z) at z = -1, provided the value

| | W exists.
(i) Write ~3 In the form retf .

2. Answer the follow
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Z2 - - - Sk
(e) Let f(2) :{ ) ZFEL B (iii) Prove that if f (z) is integrable along
0, z-;» Prove that f(2) : .
: _ a curve C having finite length L and
IS not continuous at 5 - ; if the = exists a positive number M
4. Answer an . such that |f(z)|£_M on C, then
(. Y three questions 10x3=30
USSR ' ¥
rove that the necessa
sufficient condit; Siand J'f(z)dz <ML
f ttions for the complex c
UnCthn m__f
3 Z) = .
T _ (2) u(x,y) +iv(x, y) (iv) (a) Find the analytic function whose
nalytic in g region R are . real part is
u oy ou Y u :e""[(xz—yg]cosy+2xysiny],
(')x AT P ov |
& oy ox 5.
where alj partial ) (b) Show that the function
assumed to al derivatives are : : .
be continuous on R f(z)=sin xcoshy+icosxsinhy
@ If f(z) is analytic with i is entire. 5
with its derivative : )
f'(2) contj (v) (a) State and prove Cauchy’s Integral
nu ;
and ous at all points inside Formulac. i
Simple closed curve ¢ i
ove ;
Z 1 e?
that | f(2)dz = e =
1t ! ( )dz=0‘ (b) Evaluate 2mﬁ£z— Z  where Cis
Aaare E 3
BO1FS 0109.110 the circle \?\ 3%
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(vi) (a) Suppose that e

(b)

BO1FS 0109-110

2= ks (o = 11253 ) evel

z=x+iy. Prove that lim z, =z
n-»w

if and only if m x, =x ang

li -
nl_r)rg'oyn Y, S

SOk n=0o
Show that, z%e%% = Z 3 AL
! ?
n=2 (n X 2)

(|z‘<oo). it 5
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