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1. Answer any two parts : 5x2=10

(@)

(b)

Prove that a normed space X is a
Banach space if and only if each
absolutely convergent series in X
converges.

Let X be a normed space. Prove that

(i) if Sis subspace of X, then § is a
subspace of X;

(i) if Cis a convex subset of X, then

C and C€ are convex.
2+3=5
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(c) Prove that every ball centred at origin +

2. Answer any two parts :

of a normed space, whether open or
closed is balanced and absorbing.
2+3=5

5x2=10

(a) Suppose that X and Y are normed

(b)

spaces and T is a bounded linear
operator from X into Y.

Prove that

(i) if xeX, then ||Tx||£||T||||x||,

(i) the number |T| is the smallest

non-negative real number M such
that

7% < M| x|, for every xe x.
2+3=5

(i) Let Xand Y be normed spaces and
let T: X - Y be a linear operator.

Prove that if T'is continuous at 0

then T'is uniformly continuous on
X
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(c)

3. Answer any two parts :

(a)

(b)
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(ii) Let X be the vector space of finitely
non-zero sequences with the [ -
norm. Construct an unbounded
linear operator T:X — F with

justification. 2+3=5

Define normed space isomorphism. Let
T be a linear bperator from a normed
space X into a normed space Y. Prove
that the operator T is isomorphism if
and only if there are positive constants
sand tsuch that o] x] <t |Te <t |,
whenever xe X.

5x2=10

State and prove the closed graph
theorem.

Suppose T'is a bounded linear operator
from a Banach space X onto a Banach
space Y. Prove that

By (0,r)c T(Bx (0, 1)) for some r>0.

Contd.



(c)

(d)

4. Answer any two parts :

(@)

Let X and Y be normed spaces and
T:D(T)->Y be a linear operator,
where D(T)c X. Prove that Tis closed
if and only if it has the following
property :

if x, - x where x, e D(T),

and T(x,)—y, then x e D(T)
and Tx=y.

Applying the uniform boundedness
theorem, show that the normed space
X of all polynomials with norm defined

by ”x”:max,aj,, where (a/s are the

coefficients of the polynomial x) is not
complete,

5x2=10

Let M and N be closed subspaces of a
normed space X. Prove that if either M
or N is finite dimensional, then M+ N
is a closed subspace of X.
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(b)

(c)

5. Answer any two parts :

(@)

(b)

Let Y be a closed subspace of a normed
space X. Suppose that xeX Y.
Show that there is a bounded linear

functional f on X such that | f|=1,
f(x)=d(x,y) and y c ker f.

Let X be a vector space and p be a
non-negative real valued positive
homogeneous function on X. Let

A,={x:xeX, p(x)<1}.

Show that the set A, is abs'orbing, and
p is the Minkowski functional of A,
Moreover, if p is a sublinear functional,
then show that A, is a convex set.

5x2=10

Prove that the dual space of R" is Rn
itself.

Let X be a normed space. Define the
natural map Q from X into X". PI:OVC
that Q is an isometric isomorph1sg1
from X onto some subspace of X.
Moreover, show that the subspace Q (X)
of X is closed if and only if X is a
Banach space.
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(c) Define three space property. Prove that =
separability is a three space property.

6. Answer any three parts : 5x3=15

(a) Consider the linear space Cp|a, b] of
all continuous F-valued functions on

[a, b]. For x,yeCpla, b], define
b

(xy)=[xOylt)at .
a

Show that (Cp[a, b} <,>) is an inner

product space. Is Cp[a, b] equipped

with the norm

I x|, = :es[t:ﬁ;] x(t)], x eCp[a, b)

a Hilbert space ? Justify. 3+2=5

(b) Prove that a closed convex subset M of

a Hilbert space X contains a unique
vector of infimum norm.
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@

(e)

Define orthonormal set in an inner

product space. Let X = clo, 27| be

the inner product space of all real
valued continuous functions on

[0, 27] with the inner product

27
(x,y)= _[ x(t)y(t)dt. Show that

0
(x,)=cosnt and (y,)= sinnt, for
n=0,1,2... are orthogonal sequences
of the space X. 1+4=5

Let x,(t)=t" for t[-1,1],n=0,1,2,..

orthonormalize the first three terms of
{ xn}, where the inner product is given

1

by (x,y)= [ x(t)y(t)dt-

Let X be a Hilbert space. If fe X" is

an arbitrary linear functional, then
prove that there exists a unique vector

z e X such that f(x)=(x, z), for every

x e X, where z depends on f and has

the norm [ z] =[]
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7. Answer any three parts : 5x3=15

(@)

(b)

(c)

Let T:X — X be an operator on a

Hilbert space X. Prove that
() T is normal on X if and only if
|7 x| =| x| for all xeX;

(i) the set of all normal operators on
a Hilbert space X is a closed subset

of B(X), which contains the set of

all self-adjoint operators and is
closed under scalar multiplication.
2+3=5

Let T : X —» X be a bounded self-adjoint
operator on a Hilbert space X. Prove
that

(i) all the eigenvalues of T (if exists)
are real,

(i) eigenspaces corresponding to
different eigenvalues of T are
orthogonal.

2+3=5

Define positive operator on a Hilbert
space. Is the product of two positive
operators on a Hilbert space again
positive ? Justify with an example.
1+1+3=5
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(d) Let T:X — X be a unitary operator on

(e)

a Hilbert space X. Prove that

(i) T is isometric;
@ |T|=1 provided X ={0};

(i) T '(=T*) is unitary;
(iv) T is normal.

2+1+1+1=5
Consider the initial value problem
x'(t)= f(¢t, x(t)) initial condition
x(ty)=x,. Let f be continuous on a
rectangle

R={(, x):]t—tOISa,|x—x0|2iJ}

and bounded on R say

|f(t,x)|SC, for all (¢, x)eR. Using

Banach fixed point theorem prove that
the initial value problem has a unique

fixed point in the space X = C[a, b]-
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