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(Advanced Algebra)

1. Answer any three parts : 5x3=15
(@) Define self dual poset. Show that the
poset (P(X),c) of all subsets of a non-

empty set X is self dual. 1+4=5

(b) Show that the cardinal product of two
self dual posets is self dual.

(c) Define a distributive Lattice. Show that
a distributive Lattice is always modular
but the converse may not be true.
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(d) If {G;/iel} is a family of groups, then

show that the direct product i[elr Giis a

group.

Answer any two parts : 5x2=10

(@) State Sylow’s second theorem. Show
that if there is only one Sylow
p-subgroup of a group G, then it is a
normal subgroup of G. 1+4=5

(b) Show that a group of order p"

possesses at least one normal subgroup

of order pi, where 1<i<m.

(c) There is no simple group of order
200. Justify.

Answer any three parts : 5x3=15

(@) Show the equivalence of the following
statements of an abelian group F :

(i) F has a non-empty basis.

(i) Fis the (internal) direct sum of a
family of infinite cyclic
subgroups.
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(iii) F is (isomorphic to) a direct sum
of copies of the additive group of
integers.

(b) Define rank of a free abelian group.
Show that every abelian group G is the
homomorphic image of a free abelian
group of rank |X|, where X is a set of
generaior of G.

(c) Let FandF,be the free abelian groups
on the sets X,and X, respectively.
Show that F =F, if and only if

FiandF, have same rank, i.e.,

| X =1 X5 |-

(d) Show that every free group is torsion
free.

Answer any four parts : 5x4=20

(@) Define a right R-module and establish
the following :
Let I': R » F be a homorphism of the
ring R into the ring F of right
endomorphisms of the additive abelian
group A then by putting ar=alr for

all ae A, r e R a right R-module Ap is

obtained and every right R-module may
be obtained in this way, 1+4=5
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(b)

()

(d)

(e)

Show that a proper ideal P of a
commutative ring R is a prime ideal if

and only if for a,be R, abe P implies
ac Por beP. Hence show that Pis a

prime ideal of R if and only if R/Pis an
integral domain. 3+2=5

Define radical of R. Show that radical
of R consists of all elements , ¢ p such

that 1-rx is a unit for all xeR.
1+4=5

Let R be a commutative ring with unity.
If Tis a subset of R which is closed
under finite products and does not
contain zero, then show that any ideal
maximal in the set of ideals not meeting
T is a prime ideal of R.

Let R be a commutative ring with unity.

Then prove that the following conditions
are equivalent :

(i) Every irreducible fraction has
domain R,
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Answer any four parts :

(i) For every fraction f in R there

exists an element s € R such that
f(@d)=sd, for all deD, the

domain of f.

@) Q(R)=R, where Q(R) is the

complete ring of quotients of R.

5x4=20

(@) Define an irreducible module. If A, is

(b)

(c)

(@)

an irreducible module, show that the
set of endomorphisms of A forms a
division ring.

If M is a maximal right ideal of ring R,
show that R: M={re R/Rrc M} is a
primitive ideal of R.

If R denotes a ring, prove that R is a
primitive ring if and only if there exists
a faithful irreducible module Ag.
Prove that the radical of a right Artinian

ring is nilpotent. Hence deduce that
in a right Artinian ring rad R = Rad R.
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(e) Define a Noetherian ring. Let R be a (Fluid Dynamics)

ring and I'be an ideal of R. If Tand R/I 1. Answer any two parts : 10x2=20

both are righ i i
g shtiNostherian irings, ishow (a) In the case of surface waves, show that

that R is also a right Noetherian ring. the condition to be satisfied at the free
surface by velocity potential is
0’ 04 S5 )
—_— —_— 0' 18] ===
522 g oy and 5y where the
symbols have their usual meanings.

(b) Find the total energy of progressive
waves.

(c) (i) Show that the complex potential
for a progressive wave in a deep

e {rm:—rtt)

canal is w=ace ,where the
symbols have their usual

meanings. S

(i) Write a short note on group

velocity. 5

2. Answer any two parts : 10x2=20

(a) Show that the equation of motion of an
incompressible viscous fluid flow under
conservative force is
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(b) Prove that in the slow steady motion of

()

3. Answer any two parts :

(@)

a viscous fluid in two dimensions

0X dY

4
vV 'y = ay ax; where (X’Y) is the

impressed force per unit mass.

Show that the vorticity vector £ of an

incompressible viscous fluid moving
under conservative forces satisfies the
differential equation

dg

= =(E.7)g +vv2E,

10%x2=20

With usual notations, obtain the fluid
velocity distribution in case of a
plane Poiseuille flow in the form

Ph? A%
u—?}u—{l 4(71] } . Hence show that

umax

| &

uﬂ verage 2
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(b)

(©)
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In a steady motion of a viscous liquid
through a cylindrical pipe, show that
the equation of motion becomes

o*w  *w JE

—_— = —

ox? oy 0’
viscosity, w and — P are respectively the
velocity and pressure gradient along the
axis of the cylinder. Further, show that
in the case of elliptic cylinder of cross
section given by

where u 1is the

2z
X +Y¥ 1, the flux of the liquid
7
aeHE

y X 7 Pa®b®
through the cylinder is @ = P o

Also obtain the maximum velocity.

The space above the plane y =0 is filled
with a liquid of kinematic viscosity v.
Initially the plane and the liquid are at

rest. At time t =07, the plane suddenly
begins to move parallel to itself with a
constant velocity U and the liquid also
moves in the same direction. Show that
the solution of the flow problem is given

by
n
2 Y
hmeed |En d =
U= U{ J;T—J[; W} where QM'
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(c) Show that for a flat plate of length L

()i -howiinaioniaistcat eI placed lengthwise in a uniform stream,

flow at small Reynolds number, Stokes’

: T U

stream function y satisfies the the assumption uzﬁ—‘g@&—y)
equation E*(y)=0, where : 7

Karman’s integral condition, leads to

+ = - TR .
or:  r? 06 \Sind 99 \[m
o= ===
4. Answer any two parts : 10x2=20 U

i i lution i : Bk : 3
(@) Obtain the Bla?lus solution in the form L T Al il @ uU>1p ,
yorl, i @ 1a? 2

L |_ 5 l_ e where U is the velocity in the uniform
stream.

_GF sinéa( 1 aJ

for small 7, where a = f"(0).

(b) Derive Karman’s momentum integral
equation. Also, deduce that for steady
flow and under no pressure gradient it
reduces to

7o = 956; [u(U-u)dy, where

ou
o = J“('""} ST th :
oy a0 1s the density, u the

velocity, U the free stream velocity, u
is the coefficient of viscosity.
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