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MATHEMATICS

(Honours Core)

OPTION-A
(For New Syllabus )

Paper : MAT-HC-5016
(Complex Analysis)
Full Marks : 60
Time : Three hours

The figures in the margin indicate
Jull marks for the questions.

1. Answer the following questions : 1x7=7

(@) Which point on the Riemann sphere
represents « of the extended complex

plane CU{x}?

(b) A set SCC is closed if and only if S
contains each of its ________ points.

(Fill in the gap)
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Write down the polar form of the
Cauchy-Riemann equations.

(d) The function f(z)=sinhz is a periodic
function with a period i
(Fill in the gap)
(e) Define a simple closed curve.
() Write down the value of the integral
flz)dz
i (=) » Where f(z2)= 22 and Cis
the circle |z|=1.
A . n
(6) Find [im 2, where 5 -y ,;€0"
n
Answer the following questions : 2x4=8
(@) Let f(z)=iZ
5 |2z|<1. Show that
i i .
Z!Lﬁf(z) 92 USINg ¢ _ 5 definition.

(b)

Show that all the zeros of sinhz in the
complex plane lie on the imaginary axis.
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(c) Evaluate the contour integral
I%, where C is the semi circle
(2:.' =e'?, 0<6<r

(d) Using Cauchy’s integral formula,

evaluate
2z

e : ; '
.[?dz,where Cis the circle |z|=1.
c

Answer any three questions from the
following : 5x3=15

(@) Find all the fourth roots of —-16 and
show that they lie at the vertices of a
square inscribed in a circle centered at
the origin.

(b) Suppose f(z)=u(x, y)+iv(x, y),
(z=x+iy) and z, = xg +iy,,
Wy = Uy +1,. Then prove the
following :

lim u(x, y)=u_,

(x».y)—"(xg' yo} 0
lir =

{Xry}‘*?xo'yo]v(xj y) ‘o

if lim f(Z)= wo_

zZ=2y

if and only
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(e)

Answer any three
following :

(@)

() Show that the function f(z)=Rez
18 nowhere differentiable.

(i) Let T(z): az+b
cz+d
ad—-bc#0.

, Where

Show that lim T(Z)=°C" if c=0

Z— w

3+2=5
Let C be the arc of the circle |z|=2

from z=2 to Z2=2i that lies in the
first quadrant. Show that

I z+4

3 £§£
¢z -1

7

State and prove fiy
of algebra. ndamental theorem

questions from the
10x3=30

() Show that exp(z + i )= —exp(z)

1
(i) Show that

309‘(~1+i)2;e2309(_1+1-) 2
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(b)

(c)
(d)
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(iii) Show that

| sinz |?= sin® x + sinh® y 2

(iv) Show that a set ScC is un-
bounded if and only if every
neighbourhood . of the point at
infinity contains at least one point
of S. 5

() Suppose that f(zy)=9g(20)=0
and that f'.(zo)x gf (ZO) eXlSt with
g’(zo);é 0. Using !‘.he definition of
derivative show that

im 1@ _ 20) :
2~z g(z) 9'(20)

(i) Show that
o A 31‘1—2
Ze =Zn=z-(n_2)tz ,

where |z |<®. 5

State and prove Laurent’s theorem.

(i Using definition of derivative,
show that f(z)=|z|? is nowhere

differentiable except at z=0. S

Contd.
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() () Prove that two non-zero complex

(W Define singular points of a
numbers z, and z, have the same

functi .
nction. Determine singular

points of the f . 4 |
unctions : : moduli if and only if 2z =¢ ¢y,
f(Z) = __Qiil_ g ' =
2(32 +1) . z,=¢C Cy, for some complex
numbers ¢, C;. 4
ez
g(z)= m 14455 (i) Show that mean value theorem Qf
integral calculus of real analysis
) does not hold for complex valued
alf(z_)= u(x, y)+ iv(x, y‘) be functions w(t). 3
analytic in g domaj
ai
that the familjeg of r::uiirove (iij) State Cauchy-Goursat theorem. .
u(x, y):cl’ l[)(xJ y)___ c, are
orthogona], 22 +1
(i) o (iv) Show that lim ] =w. 2
1 zZ—> @ —
;C denote g contour of length L e
an
. -sup?ose that a function f(2)
i: Plecewise continuoys on C If M
4 Nnon-ne : N
that gative constant such
|f(ZJ|SM for all zin ¢ —_—
flz
£ (B)az |<mp.  s4s-10
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OPTION-B
( For Old Syllabus )

(Riemann Integration and Metric Spaces)
Full Marks - 80
Time : Three hours

Answer the following questions : 1x10=10
(@) Write the gt

b) Eval 3
(b) aluate J'O e *dx i it e

(c) Prove that I(1)=1.

(d) Define a complete metric Space
(e) Describe an open ba]] |

: n the dj
metric space ( X, d) discrete

(1 (AUB)° neeqd not be Ao
Justify it where A and B
of a metric space (X d)

Ulisior =
are subsets

(9) Find the deriveq sets o

: f the i
(0, 1) o [0’ 1] Intervals
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(h)

@)

Let A and B be two subsets of a metric
space (X, d ). Which of the following is
not correct ?

Al Bi=TAY= Bl

@ (ANB) c A'NB

(i) A'NB' c (ANB)

(iv) (AUB) =A'UB

The Euclidean metric on R”? is defined
as

(i) d(x,y)—{il(x.-—yf)g}

b | =

i
(ii) d(x,y)={ ) }xf—yflp}p

=TS
where p2>1

(i) d(x,y)= max |x -y;|

l<izn

(iv) dx,y)= sup |x -y

l<i<n

where x= (xl, Xoy+ee xn)
y=(y1, Ya, - yn)

are any two points in R",.

(Choose the correct answer)
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() Let (X,dy) and (Y,d, ) be two metric
spaces and f: X - Y be continuous

on X. Then for any BCY.
@) - f4B)< r(B)

@ f1(B)c f(B)
i) 7(B) < f(B)

@ f(B)< 7(B)

(Choose the correct answer)

Answer the following questions : 2x5=10
(@ Let f(x)=x on [0,1] and
P:{x,:-;—f, i:O,l,...,4}
Find L(f,P) and U (f, P).

(bl Letif: [0, a]—HEv; be given by
f(x) is x2 2 Fil’ld

[ £0o)ax
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e

(c) Let (X,d) be a metric space and A, B
be subsets of X. Prove that
(AnB)° = A°NBY.

(d) If A is a subset of a metric space
(X,d), prove that d (A)=d(ﬁ[).

(e) Let (X,dy) and (Y, d, )be two metric
spaces. Prove that if a mapping
f: X—>Y is continuous on X, then
f~1(G) is open in X for all open subsets
G of X.

Answer any four parts : 5x4=20

(@) Prove that f(x)=x2 on [0,1] is
integrable.

11

r
lim Y ———
() Show that n_mzl =

:Iogﬁ

(c) Let (X,d) be a metric space. Define
d: XxX —>Rby

(] rL d(x-’y)
d (x’y)_1+d(x,y) for all

x,y e X . Prove that g’ is a metric
on X. '
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@ Let X=clab
; [ ) ] and (D)N8 () BNTEe 1 8 [a, b]—>R be continuous
(f, Q’):Sup{lf(x)—g(x)l; a<x< b} on [a, b|. Prove that there exists
t}e the associated metric where cela, b] such that
»g € X. Prove that (x d) is a 1 b
complete metric space. = || ek (c)
: Using it prove that for —1<a <0
(©) ]t";:t (X’d)l be a metric space. Prove and neN,
Clat a finite union of closed sets is 0 ,n
Ici:“se.dl. - S"zv[l dx—>0 as n—>®
tg ch;:)te ;mon of closed sets need not G ol e
Sed — Justify it, 3+2=5 3+2=5
0 . (i) Let f:[a,b]> R be monotone.
»dx ) and (v, dy ) be two metric Prove that there exists c€la, b]
spa
anf-es and f.x B Ve be uniformly such that
inuous. : 2
Sy S If 1x,},5 is a Cauchy jf(x)dx=f(a)(c—a)+f(b)(b—c)
o o X prove that {f ()} et 2
s a Cauchy sequence i v, S
A c) (i) Prove that a convergent sequence
Nswer any four parts - 10x4=40 ( in a metric space is a Cauchy
@ - sequence. .
Y Let f . e Tl s Show that in the discrete metric
? ]** K be continuous: i
Prove that f i« : space every Cauchy sequence is
s fis integrable. S convergent. 3+2=5
i i :
Scussmthe convergence of the (i) Define an open set in a metric
integna I*l-dx space (X, d). ]
ol for various values Prove that in any metric space
at p. 5 (X, d), each open ball is an open
set. 1+4=5
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(1)

Let (X, d) be a metric space and
Fbe a subset of X. Prove that Fis

closed in X if and only if F¢is open
in X. S

Let (X, d) be a metric space and

Y a subspace of X Let Z be a
subset of y. Prove that Zz is
open in Y if and only if there exists

an open set Gc X such that
Z=GNY. 5

Let (XJ dX) and (YJ dy ) be metric

Spaces and Ac x . Prove that a

, functi : :
on f:A>y is continuous

: L
at ge A if and only if whenever
a sequence {x, )

in A co
L nverges

» the sequenc
c
converges to f/(q) {F(x,)}
; 6

Prove that 5 Mapping f.x ,y
is continuous on X if and only if
y 1

fH(F) is closed j In X for all closed

subsets F of Y.
4
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9)
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(@)

1)

(1)

Show that the function
(0} 1)>R defined by

f(x):l is not uniformly
X

continuous. S

Let (X,d) be a metric space and
let xeX and AcX be non-
empty. Prove that x € A if and only

if d(x, A)=0. S

Define a connected set in a metric

space.
Prove that if Y is a connected set

in a metric space (X, d) , then any

get Z suchjthatY &7 cVillis
connected. 1+4=5

Let (X,d) be a metric space.
Prove that the following statements
are equivalent :

(@) (X,d) is disconnected

(b) there exists a continuous
mapping of (X,d) onto the
discrete two element space

(X0, do ). 5

Contd.




(h) Let (R, d) be the space of real numbers
with the usual metric. Prove that a

subset I of R is connected if and only
if Iis an interval.
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